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Abstract 
A graph is (m. k)-colorable if its vertices can be colored with m colors in such a way that each vertex is 
adjacent to at most k vertices of the same color as itself. The k-defective chromatic number, xt(G), of 
a graph G is the minimum m for which G is (m. k)-colorable. Among other results, we prove that the 
smallest orders among all uniquely (m, k)-colorable graphs and all minimal (m, k)-chromatic graphs 
are m(k + 2) - 1 and (m - 1) (k + 1) + 1, respectively, and we determine all the extremal graphs in the 
latter case. We also obtain a necessary condition for a sequence to be a defective chromatic number 
sequence x,,(G), x1(G), x2(G), ; it is an open question whether this condition is also sufficient. 
1. Introduction 
For graph theory terminology not presented here, we follow [4]. A vertex of a graph 
G which is adjacent to every other vertex of G will be called a universal oertex of G. The 
symbols u and + denote the union and join, respectively, of disjoint graphs. Both 
operations are associative, and so we shall write G1 + Gz + ...+ G, rather than 
(...(G,+G,)+...)+G, for the join of m disjoint graphs G1,...,G,. 
An assignment of colors to the vertices of a graph G, one color to each vertex, in 
such a way that each vertex is adjacent to at most k vertices of the same color as itself, 
is called a k-defectioe coloring of G. (Note that a O-defective coloring is a proper 
coloring in the usual sense.) Cowen et al. [7], and also Archdeacon [2], proved some 
interesting results concerning k-defective colorings of graphs in surfaces, and Andrews 
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and Jacobson [l] presented some results on k-defective colorings related to Ramsey 
theory. In this paper, we investigate some other aspects of k-defective colorings. 
A k-defective coloring in m colors is called an (m, k)-coloring, and a graph which can 
be k-defectively colored in m colors is said to be (m, k)-colorable. An (m, k)-coloring of 
a graph corresponds to the partition of its vertices into m color classes, each of which 
induces a subgraph whose maximum degree does not exceed k. 
A graph G is uniquely (m, k)-colorable if it is (m, k)-colorable and every (m, k)-coloring 
of G produces the same color classes. Brown and Corneil [6] established a large 
variety of generalized colorings with respect to which there exist uniquely colorable 
graphs. We show that there exist uniquely (m, k)-colorable graphs for all m> 1 and 
k>,O, and we establish a best possible lower bound for the order of a uniquely 
(m, k)-colorable graph in terms of m and k. Furthermore, we construct a uniquely 
(m, k)-colorable graph which has the property of being uniquely (m, l)-colorable for 
every 1 with O<l< k. 
The minimum m for which a graph G is (m, k)-colorable is called the k-defective 
chromatic number of G, denoted by xL(G). (Note that x0 is the chromatic number, and 
is usually denoted by x.) If ~~(G)=rn then G is (m, k)-chromatic. 
A graph G is minimal with reSpeCt to Xk, or &-minimal for short, if &(G’)<Xk(G) for 
every proper subgraph G’ of G. If G is Xk-minimal with &(G)=m then G is (m, k)- 
minimal. We characterize the (m, k)-minimal graphs of smallest order. We also estab- 
lish a best possible lower bound for the minimum degree of an (m, k)-minimal graph (in 
terms of m alone). 
The sequence x0(G), L(G), x2(G), . . . is called the defective chromatic number se- 
quence of G. Clearly, this sequence is nonincreasing and has an infinite tail of ones. 
(xL(G) = 1 for all k k A (G).) We obtain necessary conditions for a sequence of integers 
to be the defective chromatic number sequence of a graph. However, we have not 
succeeded in characterizing defective chromatic number sequences. (In [S] a similar 
type of sequence is characterized.) 
2. Uniquely (m, k)-colorable graphs 
The following theorem establishes a lower bound for the order 1 G 1 of a uniquely 
(m, k)-colorable graph G. 
Theorem 2.1. Let m 2 2 and k 2 1 be integers and let G be a uniquely (m, k)-colorable 
graph. Then IGl>m(k+2)-1. 
Proof. Consider an (m, k)-coloring of G. If some color class has cardinality k or less, 
then we can obtain a different (m, k)-coloring by moving an additional vertex into this 
class. If two color classes each have cardinality exactly k+ 1, then we can form 
a different (m, k)-coloring by interchanging one vertex in the first class with one in the 
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second. Since G is uniquely (m,k)-colorable, neither of these is possible, and so 
IG\>(k+l)+(m-l)(k+2) as required. q 
Next we establish that this bound is best possible. 
Theorem 2.2. Let ma2 and k> 1 be integers. Then there exists a uniquely (m, k)- 
colorable graph of order m(k + 2) - 1. 
Proof. Let F;,..., Fa_1 and F,,, be disjoint copies of &+I, let v~,...,v,_~ be 
additional vertices, and define Fi=F:U(Vi} if l<i<m- 1. Let F,,k=F1+...+F,,,. 
Then F,,,k has order m(k + 2) - 1 and is clearly (m, k)-colorable. We shall show that in 
any (m, k)-coloring of it, the color classes are V(F,), . . . , V(F,). 
Consider an arbitrary (m, k)-coloring %7 of F,, k. Since the complement F,, k of F,,,, k is 
cycle-free, every induced subgraph of it has minimum degree 0 or 1, and so every 
induced subgraph of F,,,,, with k + 3 or more vertices has maximum degree at least 
k + 1. Hence every color of %? colors at most k + 2 vertices. The only possibility is that 
% has m- 1 color classes with cardinality k+2 and one with cardinality k+ 1. 
Since each vertex of F,,, is a universal vertex of Fm,k, it must belong to the color class 
with cardinality k + 1. Since 1 F,,, I= k + 1, this color class is precisely V( F,). 
Let C be the color class containing an arbitrary vertex XEF: for some 
i~(l,...,m-1}.Thenvi~C,sinceICI=k+2andviistheonlyvertexnotadjacenttox. 
Thus every vertex of F$ has the same color as vi. Since this is true for every i in 
{I,‘.., m- l}, we conclude that the color classes of % are V(F,), . . . , V(F,,,) as 
required. 0 
Our next result shows that for any integers m 2 1 and k 30 there is a graph such that 
the only way to color it k-defectively in m colors is to color it O-defectively. 
Theorem 2.3. Let ma2 and k>O be integers. Then there exists a uniquely (m, k)- 
colorable graph that is also uniquely (m, l)-colorable for every integer 1 with 0 d 1 <k. 
Proof. Let G be isomorphic to the complete m-partite graph K(p,, . . . ,p,) where 
p,=2k+l for i=l,,..,m, and let V1,...,V, denote the partite sets of G. 
G is properly m-colorable, and hence (m, I)-colorable for each 1. Let %F be an 
(m, I)-coloring of G for some 1, O< I< k. We show that the color classes of %? are 
V V,. 1, ... 3 
Let C be a color class of %?. If C contains vertices of two distinct partite sets 6 and 
vj, then C contains at most 1 vertices in G- K (because every vertex of I$ is adjacent to 
every vertex of G- Vi), and so (Cl <21<2k+ 1. If not, then CL 6 for some i, which 
evidently implies 1 Cl <2k+ 1. Since I Gj =m(2k+ l), the only possibility is that 
ICI = 2k + 1 for every color class C, and the color classes are V, , . . . , V,. 0 
154 M. Frick, M.A. Henning 
The uniquely (m, k)-colorable graphs that we constructed in Theorems 2.2 and 2.3 
contain large complete subgraphs. Harary et al. [S] constructed, for each ma 3, 
a uniquely (m,O)-colorable graph which contains no K,. Bollobas and Sauer [3] 
proved a much stronger result, namely that for all integers m 2 2 and g B 3 there exists 
a uniquely (m, 0)-colorable graph with girth at least g. We do not know whether these 
results can be generalized in any way for uniquely (m, k)-colorable graphs. 
3. Xn-Minimal graphs 
In the study of (m, k)-chromatic graphs, it is often sufficient to examine only those 
which are (m, k)-minimal, since the structure of these graphs captures the essence of 
being (m, k)-chromatic. 
The only (2,0)-minimal graph is the complete graph KZ, and this can clearly be 
generalized to the following theorem. 
Theorem 3.1. For each integer k > 0 the star graph K(l, k + 1) is the only (2, k)-minimal 
graph. 
It is well known that the only (3,0)-critical graphs are the odd cycles. It remains an 
open problem to characterize (m, k)-minimal graphs for m = 3 and k > 1, or for m 2 4 
and k 2 0. However, we shall characterize (m, k)-minimal graphs of smallest order for 
all integers m 2 1 and k 3 0. 
In this section we shall often make use of the following easy result. 
Lemma 3.2. Let m > 1 and k > 0 be integers. Zf 1 G I< m(k + l), then G is (m, k)-colorable. 
Proof. Each color class may contain up to k+ 1 vertices. 0 
Corollary 3.3. Zf G is (m, k)-chromatic then 1 G I> (m - 1) (k + 1) + 1. 
Corollary 3.4. Zf (GI =(m- l)(k+ l)+ 1 and G contains a set X of k+ 2 vertices such 
that the induced subgraph (X) has maximum degree k or less, then G is (m - 1, k)- 
colorable. 
Proof. This is vacuous if m = 1 and obvious if m = 2, and if m> 3 it holds because 
G-X is (m-2, k)-colorable by Lemma 3.2. 0 
Lemma 3.5. If JG( =(m- l)(k + l)+ 1, k is odd and every vertex of G has degree 0 or 
1 in c, then G is not (m- 1, k)-colorable. 
Proof. No color class can contain k + 2 or more vertices. 0 
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We shall now construct (m, k)-minimal graphs with order (m- 1) (k + l)+ 1. For 
m> 2 an integer and k$ 1 an odd integer, let HL,k denote K,,- ijck+ 1) minus the 
edges of a l-factor. Let z be an additional vertex and join z to every vertex of 
H6,k. Call the resulting graph H,+. Also, for integers ma 2 and k 22, let 
Gm,k=Gk,k+Z where GL,k~Kc,_z)(k+l)+l and Z%‘Kk+i. Note that IHm,kl= 
lG,,,l=(m-l)(k+l)+l<m(k+l). 
Theorem 3.6. (i) The graph H,,,k is (m, k)-minimal (m 2 3, k 2 1 and odd). 
(ii) The graph Gm.k is (m, k)-minimal (k 2 2 and m > 2). 
Proof. (i) H,,,k is (m, k)-colorable by Lemma 3.2 and (m, k)-chromatic by Lemma 3.5. 
Let e=uv be an edge of H,,,k, where, without loss of generality, v #z. Let w be the 
unique vertex of H,, k that is nonadjacent to v. Let X comprise u, v and w together with 
t(k- 1) distinct pairs of nonadjacent vertices of H,,,, - {u, v, w}. Then X satisfies the 
hypotheses of Corollary 3.4 with respect to H,,,, - e and so H,,,k - e is (m - 1, k)- 
colorable. This holds for each edge e of H,,+, and so H,,,k is (m, k)-minimal. 
(ii) Gm,k is (m, k)-colorable by Lemma 3.2. However, in any k-defective coloring %? of 
G m,k> a color that is assigned to a universal vertex of G,,k colors at most k other 
vertices. Hence, since Gm,k contains (m - 2) (k + 1) + 1 universal vertices, there are at 
least (m- 1) color classes in %? of cardinality at most k + 1. Thus, since 
1 G,, k ( > (m - 1) (k + l), the number of colors in % is at least m. We deduce, therefore, 
that Gm,k is (m, k)-chromatic. 
Now let e = uv be an edge of G,, k. If either u or v, say v, is in Z, then let X comprise 
u and the vertices of Z. If neither u nor v is in Z, let X comprise u and v and k vertices of 
Z. In both cases X satisfies the hypotheses of Corollary 3.4 with respect to G,, k - e, so 
G m,k -e is (m - 1, k)-colorable. Thus G,,k is (m, k)-minimal. 0 
Harary and Jones [9] mention that the smallest (3,1)-chromatic graph is the wheel 
K, +Cq. Note that K1 +C4zHH3,1r and that this graph is the only (3,1)-minimal 
graph of smallest order. If m > 3, and k 2 3 is odd, the graphs H,,,, k and G,, k are distinct 
(m, k)-minimal graphs of smallest order. Note that Grn,k has fewer edges than H,,,, if 
and only if k>m-1. 
We now characterize (m, k)-minimal graphs of smallest order for all integers m > 3 
and k>O. 
Theorem 3.7. Let m > 3 and k 2 0 be integers. If G is an (m, k)-minimal graph of smallest 
order, then either GE H,,,k and k is odd, or G z Gm,k and k > 2, or GE K, and k = 0. 
Proof. Let S denote the set of nonuniversal vertices of G. We consider two cases. 
Case 1: Assume I SI 2 k + 2. In this case we prove four claims. 
Claim 1. For each subset X of V(G) with IX I = k + 2, (X) contains a vertex with 
degree k+ 1 in (X). For, if this were not so, then G would be (m- 1, k)-colorable by 
Corollary 3.4. 
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Claim 2. Each vertex u of S is nonadjacent to precisely one vertex of G. For, 
suppose u is nonadjacent to two vertices u1 and oz. Note that k #O, since G is complete 
if k=O by Claim 1. Let X be a set of k+2 vertices such that {u,v1,u2)cX~S and 
(X) contains as few edges as possible. By Claim 1, X contains a vertex x with degree 
k + 1 in (X). Since x is nonuniversal in G, there is a vertex weS-X that is 
nonadjacent to x in G. If X contained another vertex y with degree k + 1 in (X), then 
<(Xu{w))-{Y)) would contain fewer edges than (X), contrary to the definition of 
X. Hence x is the only vertex with degree k + 1 in (X). 
We now obtain a contradiction by exhibiting a set X’ that contradicts Claim 1. If 
every vertex of X that is nonadjacent to v is nonadjacent to some other vertex of X, 
then let X’ =(X - {u} )u { w}. If not, then u is nonadjacent to some vertex u of X that is 
adjacent to every other vertex of X, and we let X’ =(X- (u})u{w}. In either case, 
Claim 1 is violated, and so the proof of Claim 2 is complete. 
Claim 3. k is odd. For, if k were even, then by Claim 2 there would exist a subset of 
S consisting of $ (k + 2) pairs of nonadjacent vertices, and this subset would violate 
Claim 1. 
Claim 4. G contains only one universal vertex. For, if u and u were two universal 
vertices, then G- uv would not be (m- 1, k)-colorable by Lemm a 3.5, contrary to 
hypothesis. 
It follows from Claims 3 and 4 that G z H,,,k and k is odd. 
Case 2: Assume ISl<k+ 1. If k=O, then S must be empty and so GE&,. If k= 1, 
then either G 2 K2,,_ 1 or G g Kz,_ 3 + KZ. Thus, G has a proper subgraph isomorphic 
to K2,,_ 5 + K2 + iT,, which is not (m - 1, k)-colorable by Lemma 3.5. This contradic- 
tion shows that k # 1. If ka2, then G has a subgraph isomorphic to Gm,k. However, 
G,,k and G are both minimal (m, k)-chromatic graphs and so G g G,,k. 0 
We next establish a best lower bound for the minimum degree of an (m, k)-minimal 
graph. Note that the bound is independent of k. 
Theorem 3.8. Let m > 2 and k 2 0 be integers, and let G be an (m, k)-minimal graph. Then 
6(G)>m- 1, and this bound on 6(G) is best possible. 
Proof. If UE V(G), then G - u has an (m - 1, k)-coloring, and o must clearly be adjacent 
to at least one vertex of each color. Hence 6(G)>m- 1. 
That this bound on 6(G) is best possible can be seen as follows. For the case m = 2 
note that 6(K(l, k+ 1)) = 1. For m> 3 and k > 1 consider the uniquely (m- 1, k)- 
colorable graph F,,, _ 1, k constructed in Theorem 2.2. Let G be the graph obtained from 
F,,_l,k by adding a new vertex x and joining x with an edge to exactly one vertex of 
F: for each iE(l,..., m - 2}, and also to exactly one vertex of F,,,- 1. Then, clearly, 
~~(G)=rn and 6(G)=m- 1. Furthermore, xk(G-u)=m- 1 for any vertex UE V(G). 
This implies that G contains an (m, k)-minimal graph G’ as a spanning subgraph. We 
have thus proved the existence of an (m, k)-minimal graph G’ with 6(G’)=m- 1. 0 
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The following result of Lo&z [lo] has significant implications for defective 
colorings. 
Theorem 4.1 (Lo&z [lo]). Let G be a graph and kI, . . . , k, be nonnegative integers 
such that 
A(G)< t (ki+l)-1. 
i=l 
Then there is a partition of V(G) into m classes VI, . . . , V, such that A (( vi))< ki for 
i=l,...,m. 
In the special case where ki = k for each i = 1, . . . , m this result coincides with the 
following corollary. 
Corollary 4.2. If G is a graph and k 20 and m 2 1 are integers such that 
A(G)<m(k+ l)- 1, then G is (m, k)-colorable. 
The above result yields an upper bound for the k-defective chromatic number in 
terms of the maximum degree. 
Corollary 4.3. Let G be a graph and k be any nonnegative integer. Then 
Proof. Let m=r(A(G)+ l)/(k+ 1) 1. Then m > (A(G) + l)/(k + l), and hence 
A(G)dm(k+ 1)-l. It therefore follows from Corollary 3.4 that Xk(G)<m. 0 
Theorem 4.4. Let G be a graph and let k and 1 be integers with 1> k>O. Then 
Xt(G)Gxk(G)Gxt(G) -$ . r 1 
Proof. The first inequality is immediate. Now let x[(G)=m and let Vi, . . . , V, be the 
color classes of an (m, I)-coloring of G. Then A( ( vi))< 1 and hence it follows from 
Corollary4.3that~,((~))dr(l+l)/(k+l)]f oreveryiE{l,...,m-l}.Consequently 
Xk(G)<mr(l+ l)l(k+ 1)-t. 0 
These bounds for Xk in terms of 1 are best possible. That the lower bound is 
best possible follows directly from Theorem 2.3. For the upper bound, let 
G=Gi+...+G,, where G1,... , G, are disjoint copies of (2k+ l)Kr+ i. Then 
Xl(G)=m, and it is not difficult to see that XJG)=mr (I+ l)/(k+ 1) 1. 
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Note that the result of Theorem 4.4 above is stronger than that of Theorem 4 of [l]. 
It is still an open problem to characterize defective chromatic number sequences. If 
m0,ml,m2, . . . is the defective chromatic number sequence of some graph, we know 
that the following two conditions are satisfied. 
(i) m, = 1 for some integer r > 0. 
(ii) ml~mk~mlr(I+l)/(k+l)l f or all integers k and 1 with 12 k 2 0. 
It remains to find sufficient conditions for a sequence mo, ml, m2, . . . of integers to be 
the defective chromatic number sequence of a graph. For sequences with at most 11 
terms greater than 1, the conditions (i) and (ii) are sufficient. (The required graphs can 
be constructed by taking disjoint unions of sums of disjoint unions of appropriate 
complete graphs.) However, we do not know whether these conditions are sufficient 
for sequences with more than 11 terms greater than 1. We have, for example, not 
succeeded in finding a graph with defective chromatic number sequence 
4,4,4,4,2,2,2,2,2,2,2,2,1,..., although this sequence satisfies the conditions (i) and 
(ii) above. 
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